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Abstract. We discuss the representation theory of the bialgebra end (A) in- 
troduced by Manin. As a side result we give a new proof that Koszul algebras 
are distributive and furthermore we show that some well-known JV-Koszul al- 
gebras are also distributive. 



1. Introduction 

Throughout we work over a ground field k. If A is a Z-graded algebra then there 
is a bialgebra end (A) coacting on A which is universal in an appropriate sense (see 
[14] and also §3 below). For example if A = k[x,y] then 

(1.1) end (A) = k[a, b, c, d]/(ac — ca, ad — da + be — cb, bd — db) 

and the comultiplication and coaction can be written concisely as 

.fa b\ fa b\ fa 



c d I \c d I \c d 



We see in particular that there is a bialgebra morphism from end (A) to 0(M2 X 2), 
the coordinate ring of the monoid of 2 x 2-matrices. So is tempting in this case to 
think of the bialgebra end ( A) as a non-commutative version of this monoid. 

Recently the bialgebra end ( A) appeared as a vehicle for deriving combinatorial 
identities such as the quantum MacMahon Master theorem [12, 13]. In order to 
understand how far such methods can be pushed it is useful to describe the repre- 
sentation theory of end(A). 1 . In this paper we will accomplish this for a large class 
of algebras. 

Our results will be for so-called distributive algebras. Let A = TV/(R) with 
R c V® N . We say that A is distributive if for all n the subspaces V® a ® R ® 
y®n-N-a Q f y®n g ener ated a distributive lattice. If N = 2 then it is well known 
that distributivity is the same as Koszulity [4] (in Theorem 2.1 below we give 
an alternative proof of this result). For N > 2 distributivity is related to "7V- 
Koszulity" , a higher Koszul property introduced by Bcrgcr [6] . 

Recall that A is iV-Koszul if the free modules occuring in the minimal resolution 
of k are generated in degrees 0, 1, N— 1, N, 2N—1, 2N, etc. . . . One has the following 
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implications 

(1.2) Distributivity + "extra condition" => iV-Koszul "extra condition" 

Here the "extra condition" is a suplementary condition which is vacuous for N = 2 
and for TV = 3 reduces to 

R®V ®VnV ®V ®RcV ®R®V 

It is unfortunately unknown if the first implication in (1.2) is reversible. 

To state our results we recall the definition of the category Cube„ introduced by 
Polishchuk and Positselski in [15]. Cubeo is the category of vector spaces, Cubei is 
the category of vector space homomorphisms, Cube 2 is the category of commutative 

squares etc In general Cube„ is given by the representations of a hypercube Q n 

with commutative faces. We put Cube, = (J) n Cube„. Then as observed in [15] 
Cube, carries a natural monoidal structure. See §2.1. 

The following is our main result concerning the representation theory of end (A). 

Proposition 1.1. (Proposition 4-3 below) Assume that A is distributive. Then 
there is a monoidal functor Ta ■ Cube. — > CoMod( end (A)) which induces an 
equivalence of monoidal categories 

Ta ■ Cube. /S A = CoMod(endU)) 

where Sa is the localizing subcategory of Cube, generated by the simples S such 
that T A {S) = 0. 

This proposition yields a description of the representation theory of end (A) in 
terms of the subquivers of {Q n ) n whose vertices correspond to the simples that are 
not annihilated by Ta- 

It remains to determine the simples that are killed by Ta- If we assume the 
extra condition then this is a tractable problem. 

Proposition 1.2. ( Corollary 4-4 below) Assume that A satisfies the extra condition 
(besides being distributive). Then the monoidal category CoMod(cnd(A)) is entirely 
determined by the dimensions of the vector spaces 

Pi v® a <g> r ® v® n - a ~ N 

a 

If N = 2 then CoMod( end ( A)) is entirely determined by the Hilbert series of A. 

In §5 we discuss the case of the symmetric algebra. We prove 

Proposition 1.3. (Proposition 5.1 below) Let A = SV where V is an n- dimensional 
vector space. Then the simple end ( A) -representations when viewed as M n 

xn repre- 
sentations are of the form S X ^V with A/ ft running through the set of rim hooks. 

Recall that a rim hook is a connected skew diagram containing no 2 x 2-squares. 
An example is the following 



(1.3) 
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In the last section of this paper we discuss some examples of TV-Koszul algebras 
which we can show to be distributive. It is noteworthy that we do not know an 
example of an iV-Koszul algebra which is not distributive. On the other hand we 
also do not know (for TV > 2) a homological characterization of distributivity. 
We show distributivity of the following algebras 

• Algebras derived from Koszul algebras. This is more or less a tautology 
but it gives a quick proof that the generalized symmetric algebra TV/ A N V 
introduced by Berger is 7V-Koszul. 

• The deformed Yang- Mills algebras introduced by Connes and Dubois- Violctte 
in [9, 10]. We show that these algebras are in fact "confluent" (see [5] and 
also §6.2 below). 

• The 3-dimcnsional cubic Artin-Schelter regular algebras of "Type A" . This 
proof also relies on confluence but in a more sophisticated way. We rely on 
a generalization of the /-type condition which was introduced in [18]. 



2.1. Generalities. The quiver Q n is the quiver with relations which has a vertex 
xj for every I C {1, . . . , n} and arrows xu : xj — > xj for every I C J. The relations 
are given by xjkXij = xjk (we write paths in functional notation). If n < then 
we declare Q n to be a single vertex x® without arrows. 

We denote the projective Q n representation corresponding to xj by Pj™' 1 and the 
corresponding simple representation by Sj n \ The category of ^-representations 
(not necessarily finite dimensional) is denoted by Cube„. The full subcategory 
consisting of finite dimensional representations is denoted by cube„. An object in 
Cube„ is generally written as (Xi)i where I runs through the subsets of {1, ... , n}. 
We recall the following result. 

Theorem 2.1.1. [15, Lemma 9.1] A collection of subobjects Ri, . . . , R n C X of an 

object X in a k-linear abelian category C generates a distributive lattice iff the right 
exact functor F : cube„ — > C defined by F{P$) = X and P(P{i} — > P$) = Ri <^-> X 
is exact. 

Note that if C is a Grothendieck category then the functor F extends to a right 
exact functor F : Cube„ — > C commuting with filtered exact limits. If F : cube„ — >■ 
C is exact then so is its extension. 

As observed in [15] the categories Cube„ carry an interesting monoidal structure. 
We first consider the bifunctor (to, n > 0) 

M : Cube m x Cube„ ->■ Cubc m+ „ : ((A/) 7 , (Yj)j) ^ (A 7 ® Yj) IUJ+m 

where J + mC {to + 1 , . . . , m + n} is the translation of J by m. This tensor product 
is clearly associative and biexact. In addition we have P\ m ^ KlPj"^ = Pj^j^- For 
a number N > 2 (which will remain constant) one also defines a shifted tensor 
product 



® : Cube m x Cube„ -> Cube m+ „ +JV _ 1 : ((X/) 7 , (Yj)j) ^ (X/)/ H P^ N 1} H (Yj)j 



This tensor product is still associative. On the level of projectives we have 



2. The CATEGORY Cube. 



■n 



(2.1) 
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We extend this formula beyond its original context by declaring it to be valid for 
m > — N + 1, n > —N + 1 where we recall that by our conventions if to < then 
Pj™ 1 ^ exists only for 1 = 0. Concretely we have for m = —N + 1, . . . , 0, n > 

® : Cube m x Cube„ -)• Cube ro+ „+;v-i : (P (m) , (Y»j) ^ p^"" 1 ) H (Y»j 
for m > 0, n= -N + 1,...,0: 

® : Cube m x Cube„ -> Cube m+ „ +JV -i : ((X 7 ) 7 , P (n) ) ^ El p^" 1 ) 

and for m = -TV + 1, . . . , 0, n = -N + 1, . . . , 0: 

® : Cube m x Cube„ -+ Cube m+ „ +JV -i : (P (m) , P (n) ) ^ P^^" 1 ) 

If (Ai)i is a family of abelian categories then we denote by @ i Ai the abclian 
category whose objects are formal direct sums @ i A% with A% £ A- The Horn-sets 
are given by 

Horn* f©^,0SiJ =n Hom ^(^^«) 

By ■ A, we mean the full subcategory of @ 4 A where we only consider objects 
(Ai)i with a finite number of non-zero Ai. 

Put Cube. = ©„>_ A r+i Cube„ and cube. = 0^>_ w +i cubc„. With the tensor 
product defined above Cube, and cube, are monoidal categories with a biexact 
tensor product. The unit object is P 

2.2. Tensor products of simples. For the benefit of the reader we discuss the 
tensor product of simples in the category Cube,. 

Proposition 2.2.1. Let I C {1,. . . , m}, J C {1, . . . ,n} with the convention that 
if m < or n < i/ien correspondingly 7 = or J = 0. Pitt J' = J + m + N — 1. 
TTie simples occuring in the Jordan-Holder series of 5}"^ (g> are 5 , ^™ + ™ +JV ^ 
uratft K = I U J' U C for C C {max(l, to + 1), ... , min(TO + AT-l,m + n + JV- 
1)}. The simples occur with multiplicity one and are ordered according to \K\ with 

c (m+n+N-l) ■ , 

o} u ji appearing on top. 

Proof. We will consider the case m,n > 1. The other cases are similar. We recall 
the formula for the tensor product. Let X £ Cube TO , Y £ Cube„. Then 

X ®Y = XMP^ N ^ 1] MY 

A m ) v — c(") 



If we apply this with X = Sf Y = Sy> we find for K c {1, ... ,m} 



k if K = IU J' UC with C C {to+ l,...m + N- 1} 
otherwise 



So the simples that occur in the Jordan-Holder series of Sj <8> Sj are indeed as 
indicated. □ 



REPRESENTATIONS OF NON-COMMUTATIVE QUANTUM GROUPS 



5 



2.3. Koszulity and Cube.. It was observed in [15] that when N = 2 the cate- 
gory Cube, is intimately connected with the Koszul propery for graded algebras. 
Similarly, as we show in this section, when N > 2, the category Cube, is connected 
with the 7V-Koszul property introduced by Roland Berger in [6]. 

Let N > 2 and consider A = T(V) / (R) with V a finite dimensional fc-vectorspace 
and R C V® N . We put 

R (n) = y®i-l R( g y®n-N-i+l c y®n 

and for I C {1, . . . , n - N + 1} 

= n R< i n) 

iei 

We define Fa as the right exact functor commuting with filtered colimits 

Fa ■ Cube„_Ar + i — > Vect 

which sends Pj" N+1 ^ to As usual we denote its left derived functor by LFa- 

It is easy to see that Fa is a monoidal functor. 

Let C n (A) be the lattice of subspaces of V® n generated by (i?-™^. 

Definition 2.3.1. A is distributive if for each n the lattice C n (A) is distributive. 

Definition 2.3.2. [6] A satisfies the extra condition if for all 1 < i < I < j < n 
with j < i + N — 1 we have 

R[ n) n Rf ] c R\ n) 
For use below we also put for n > N 

J n = R^^---nR^2 N+1 

Thus Jm — R- For n < N — 1 we put J n = V® n . We denote the composition 

(2.2) A ® J„ A ® F O J„_i A ® J„_i 

by 5. Here the first map is derived from the inclusion J„ C V ® J n -i and the 
second map is derived from the multiplication A ®V — > A. Note that S N = 0. 
Thus (A ® J„, J) is an TV-complex [7]. 

Definition 2.3.3. [6] A is iV-Koszul if the following complex 

(2.3) >A® J 2N ^-^A® J N+1 \ A® R^-^ A®V \A^k 

is exact. 

A famous theorem by Backelin [4] states that if N — 2 then A is distributive if 
and only if it is Koszul (see below for a proof in the current setting). In general 
Berger proved the implications [6] 

(2.4) Distributivity + extra condition => A-Koszul => extra condition 

(the extra condition is vacuous if N = 2). It is unknown if the converse of the first 
implication holds. 

The category Cube, contains a preimage under Fa of the degree m part of the 
Koszul complex of A (2.3). Put 

w _ q ( m -N+l) p (n-N+l) 
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Since A m = Fa(Sq" 1 ~ N+1 ' > ) and J n = Fa(P{™ J ^ i ^J L ^ r+1 ^ ) (with the usual caveat if 



N + 1 < 0) one obtains 



F A (W m , n ) =A m ®J n 



A quick computation shows 
(2.5) 

' k if {m+ 1, . .. ,m + n- N + 1} c / C {m- N + 2, ...,m + n- N + 1} 



(W m ,n)/ = 



otherwise 



and all maps are either the identity (when they are between copies of k) or zero. 
Define 

such that 5/ is the identity on fc when (W m)n )j = (W m _i )Tl +i)j = k and zero 
otherwise. One checks that this is indeed a well defined map in Cube, and that 
Fa(S) = S m where S m is the degree m part of the map (2.2). Furthermore S N = 0. 
It follows that the following complex in Cube. 
(2-6) 

•••—>■ W m -2N,2N > W m -N-1,N+1 — > W m -N,N > Wm-1,1 ~* W m fi — > Sq N+1 ^ -5 m fl 

maps to the degree m part of the Koszul complex. 

Let us say that I c {1, . . . , m) has a hole of size u (with u > 1) if there exist 
i < j 6 I such that j — i = u + 1 and for alH < Z < j we have Z ^ /. 

Proposition 2.3.4. The homology of (2.6) is an extension of simples < 5*^ ra ~ Ar + 1 ) 
such that K contains holes of size < N — 2. 

Proof, to prove this we will more generally consider the homology of the complexes 

5 a 6 N ~ a 
(2.7) W mj „ > W m+a ,n-a > W m+ N,n-N 

for any < a < N. (2.6) is built up from such complexes for a = 1, iV — 1. 

Let H be the homology of (2.7). From (2.5) we deduce that Hi is non-zero iff 
the following conditions hold 
(2.8) 

I <£ {to + 2, ... ,TO + n - N + 1} 
{m + l,...,m + n-N + l} <£I 
{m + a + 1, . . . ,777 + 77 - N + 1} C I C {m + a - TV + 2,. . . , m + n - N + 1} 

Let us assume that all sets occurring in these conditions are non-empty. This 
happens when 

(2.9) TV < 77 -a 

If I satisfies (2.8) (2.9) then we have the following: 

a7 : 777 + a- A r + 2<7<m + l:7e/ 
3 j : to + a > j > to + 1 : j £ I 

Consider the triple {i,j, m + a + 1}. Here 7,TO + a + l 6 I and j $ I. We clearly 
have 7<j<TO + a+ l and one computes m + a + 1 — i < N — 1. Hence I contains 
a hole of size < N — 2. 



REPRESENTATIONS OF NON-COMMUTATIVE QUANTUM GROUPS 



7 



Looking at the condition (2.9) we see that the homology of (2.6) is an extension 
of simples such that K contains holes of size < N — 2, except perhaps at W m _i t i 
and W mfi . 

To compute the homology at W m -i y i we have to make the substitutions m — > 
m - N, n -)■ N, a ->• N - 1 in (2.7). 

Thus the condition (2.8) becomes 
(2.10) 

I (£{m-N + 2, ...,m-iV+ 1} = 
{m-N+l,...,m-N + l} = {m-N + l}<£I 
{m, . . . , m - AT + 1} = C I C {m - N + 1, . . . ,m - N + 1} = {m - iV + 1} 

The only Ps satisfying the last condition are 0, {m — N + 1}. 7 = docs not satisfy 
the first condition and I — {m — N + 1} does not satisfy the second condition. 
Hence no I satisfies all three. Thus the homology at W m ~i,i is zero. 

We leave to the reader the easy verification that the homology of (2.6) at W m ,o 
is also zero. □ 

Remark 2.3.5. A perhaps better way to understand the complex (2.6) is as follows. 
Write V = Pq N+2 ^ £ Cubc_Ar +2 and 1Z = p|Jj £ Cubei. Then there is a unique 
non-zero map (up to scalar) in Cubei 

Let A = TV /(TV) be the corresponding graded algebra object in the monoidal 
abelian category Cube.. Then Fa(A) — A. The Koszul complex (2.3) can be 
defined in an arbitrary abelian monoidal category and in particular it can be defined 
for A. Then (2.6) is just the degree m part of this generalized Koszul complex. 
As we have seen the Koszul complex for A is not exact. Define 

Cubc^ c = Cube. /S cc 

where S cc is the localizing subcategory generated by the simples such that K 
has a hole of size < A^ — 2. It is easy to see that Cube° c inherits the monoidal 
structure of Cube° c . 

Then the image of the Koszul complex of A in Cube® is exact. Thus A is an 
Af-Koszul algebra in the monoidal abelian category Cube 00 . 

The properties introduced in Definitions 2.3.1-2.3.3 translate nicely into proper- 
ties of the functor Fa- We say that an object M £ Cube m is acyclic if LiFaM = 
for % > 0. Note the following 

Lemma 2.3.6. If M £ Cube a and N £ Cubc^ are acyclic then so is M ® N. 

Proof. Let P, — > M — > and Q, — >• A^ — >• be minimal projective resolutions 
of M, N. The exactness of the tensor product implies that P. <g> Q, is a minimal 
projective resolution of M®N . Hence L,Fa(M®N) is computed by Fa(P»®Q») = 
Fa(P») ® Fa(Q»)- Since M and A^ are acyclic, Fa(P,), Fa{Q») are resolutions of 
F A M, resp. F A N. Hence F A (P.) ® F A (Q.) is a resolution of F A M ® F A N. □ 

The following is the main result of this section. 

Proposition 2.3.7. (1) A is distributive if and only if the functor F A is exact 
for all n, i.e. if and only if all Sj U N+1 ^ are acyclic. 
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(2) A satisfies the extra condition if and only if for all n one has 

F A {s { r N+1) ) = 

for those I which have a hole of size < N — 2. 

(3) Assume that A satisfies the extra condition. Then for all n and all I that 
contain a hole of size < N — 2 one has that S\ n N+1 ^ is acyclic. 

(4) Assume that A satisfies the extra condition. Then A is N-Koszul if and 
only if for all n one has that S^ n ~ N+1 ' > is acyclic. 

'•oof. (1) This is just a translation of Theorem 2.1.1. 
(2) The simple s\ n N+1 " > has a presentation 

0^u l w +1) p ( r N+1) -> s { r N+i) -> o 
i&i 



and thus 

/ m 

Assume that the extra condition holds and that / has a hole of size < 
N — 2, delimited by i < j. Pick i < I < j. Then R\ n) = R { ^ {1} . Hence 

F A {s ( r N+1) ) = o. 

Conversely assume F A {S^ n ~ N+v> ) = for all / containing a hole of size 
< N — 2. Then for such an / we have 



4") = R (n) 



Iterating this identity we get 



IU{1} 



p 



R ( j n) = ]T R .h 

i=l 

where (Jj)j is the set of all subsets of {1, . . . , n} which contain I and which 
have no holes of size < N — 2. 

Assume now I — {i,j} with i<j<i + N — 1 and take i < I < j. Each 
of the Ji must contain I. Hence R { £ C R.\ n) and thus R { - l) C\R { - l) = R { - l) C 

(n) 

i? ; . Hence the extra condition holds. 

(3) Assume that / contains a hole of length < N — 2, delimited by i < 
j. Pick i < I < j. The minimal resolution K, of g( n+N ~ 1 ) has the 
form @ KDI P£~ N+1 \ The p£- N+ ^ come in pairs P^"^, P&~ N+1) 
with Z ^ i^i and K2 — K\ U {I}. Since the extra condition implies 
F a {P [ k~ N+1) ) = F A {P { x~ N+1) ) we easily deduce that F A (K.) is acyclic. 

(4) Assume that A is A^-Koszul (and hence satisfies the extra condition by 
(2.4)). We will show by induction that S^ m ^ N+1 ^ is acyclic. For m = 
this is trivial. So assume m > 0. Then (2.6) yields a (finite complex) 

• 11) ■••-»■ W^-jv.jv -»■ W ro _i,i -> s{ m_JV+1) -> 

By induction and Lemma 2.3.6 W m - a , a is acyclic for a > 0. By (2,3) the ho- 
mology of (2.11) is acyclic as well and killed by F A . Hence LiF A S^ m ^ N+1 ^ 
for i > is computed by the homology of. 

■••-»■ FaW^-jv.jv -»■ F A W m _i,i -»■ Sj ro - Jv+1) -> 
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This latter complex is precisely the degree m part of the Koszul complex 
(2.3) which is acyclic by our hypothesis that A is TV-Koszul. 

Conversely assume that S^ 1 N+1 ^ is acyclic for all m. Then the terms of 
(2.6) are acyclic. Since the homology of (2.6) is acyclic and killed by Fa (by 
(2,3)) it follows that the complex (2.6) becomes exact after applying Fa- 
The resulting exact sequence is precisely the degree m part of (2.3). Hence 
combining all m we find that A is TV-Koszul. □ 

Theorem 2.1. [4] 7/ TV = 2 then A is Koszul if and only if it is distributive. 

Proof. Assume N = 2. If A is distributive then by applying Fa to the complex 
(2.6) we obtain the degree m part of the Koszul complex of A. Using (1,2,3) of 
Proposition 2.3.7 we see this complex is exact. 

We now prove the "difficult" direction. Assume that A is Koszul. By Proposition 
2.3.7 we have to prove that all sj™ -1 ^ are acyclic. By 2.3.7(4) we know that all 
Sg™ are acyclic. 

We will use induction on |/| and n to prove that Sj™^ 1 ^ is acyclic for all I. If 
1 = then there is nothing to prove. So assume I <G I. Put 7i = 7n{l,...,i - 1} 
and 7*2 = (-7 fl {I + 1, . . . , n — 1}) — I (Ii, I2 can be empty). Then by Proposition 
2.2.1 we have an exact sequence (see also [15]) 

(2.12) -»• S?^ ® S^f -»■ 

By induction SjJ -1 ', Sj" ^/"{^ are au acyclic. Then (2.12) implies that 
S'j™~ 1 ' 1 is acyclic as well. □ 

Remark 2.3.8. The first part of the previous proof works for arbitrary N and yields 
the first implication in (2.4). In fact for a distributive algebra satisfying the extra 
condition, the Koszul complex (2.3) is only one of many long exact sequences one 
may construct. 

To be more precise we have already noted that (^4 ® J„,<5)„ is an iV-complcx 
(see [7]). An TV-complex 

...->. Y i A- Y l+1 A Y %+2 \ 
can be contracted into a number of genuine complexes 

...—>. Y i Y i+a ^ N "> Y i+N S " ) Y i+N+a > 

By analyzing the proof of Proposition 2.3.4 (in particular the properties of the 
complexes (2.7) when (2.9) holds) we find that the contracted complexes of (A ® 
J„,<5) are exact, except in their initial degrees. For example if TV = 3 then the 
complex 

> A ® J N+2 ^At^R-^Ai^VigiV-^A 

becomes exact starting at the term A ® R. 

On the contrary, the contracted complexes are almost never exact in their initial 
degrees. This has been observed in [7]. 
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3. The bialgebra end (A) 

Let A be a Z-graded algebra. It is easy to see that there exists an algebra 
B which is universal for the property that there exists an algebra morphism 8 : 
A — > B ® A such that 5(A n ) C B ® A n for all n. In other words for any algebra 
morphism d : A — > C ® A which preserves the A-grading there is a unique algebra 
morphism 7 : B —> C such that d — (7 ® id) o S. From the universality property 
one immediately obtains a bialgebra structure on B. Following Manin [14] we use 
the notation end (A) for B. 

We consider a special case of this construction. Let N > 2 and consider A = 
T(V)/{R) with V a finite dimensional fc-vectorspace and R C V® N . Then it is not 
hard to see that 

cnd(A) = T(V* <g> V)/(ir N (R ± <g> R)), 
where irjy is the shuffle map 

tt w : (v* ® y) 8Ar -> f*®^ ® v®" : 

/1 <S> • • ■ ® /jv ® si <S> • • • <S> a; at i-> /1 ® #1 • • • <8> /at <8> a;jv 

The co-action of cnd(A) on A, as well as the bialgebra structure on end(A) can be 
described concretely in terms of generators. Fix a fc-basis for V and let (x*)i 
be its dual basis in V* . Put zf — x* x, . Then the co-action of end ( A) on A is 
given in terms of generators by 

(3.1) 5(xi) = J2 z i® x k 

k 

and the bialgebra structure on cnd (A) is given by 

(3.2) fe 

= 

Below we will be interested in the finite dimensional co-representations of the bial- 
gebra end (A). We first note that end (A) is a graded algebra by putting deg z\ = 1. 
We denote its part of degree n by end(A)„. It follows immediately from (3.2) that 
cnd (A) n is stable under A and when equipped with the restriction of e it becomes 
a coalgebra. 

We now recall some facts about sums of coalgebras. Let (d, Aj, ej)j be a family 
of coalgebras. Put C = @ i Ci. Then C is a coalgebra with comultiplication 
A( c ) = 0, A»(c») and counit e(c) = £\ e;(cj) for c = Q) i c i with q G Q. 

Suppose we are given comodules (Wj, for Cj. Then clearly VF = i Wi is a 
C-comodule with coaction S(w) — i 5i(iVi) for u> = 0- Wj, u;, G Wj. 

Lemma 3.1. The functor 

* : CoMod(C i ) -> CoMod(C) : VF, H- W 4 

is an equivalence of categories. 

Proof. This is well known. If W G CoMod(C) then it decomposes as (Cj)i- 
comodules via W = 0iPi(W) where Pi(w) =J2 w e i( w (i)) w [2]io r ^(w) = ^2 W u>(i)® 

W[ 2 ] ■ □ 
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From this proposition wc deduce that in order to understand the representation 
theory of end(A) it is sufficient to understand the representation theory of end (A) n . 
Since end (A) n is finite dimensional we have 

CoMod(end(A)„) £ Mod(end(A);°) 

Hence we have to describe the algebras end(A)*°. We do this next. For n < N 
define 

Z n (A) = End k (V® n ) 

and for n > N 

Z n (A) = G End fe (T/®") | V* € {1, • • • ,n - N + 1} : tp(R\ n) ) C ftj n) } 

where R\ n) = V® l ~ l ®R® c V® n . 

Proposition 3.2. We have as algebras 

cnd(A);° = Z n (A) 

Proof. We consider the most difficult case n > N. In that case the result follows 
by the following computation. 

cnd(A): = ((V* ® V)^/(tt n (R ± ® ft))„)* 

/ n-N \ * 

= I (V* ® V)® n / ( V * ® y y ® ® fl ) ® ( F * ® y)n-JV-» 



i=0 
n-JV 



V i=0 
C (T/*®™ (g) V® n ) 



Writing = y*® 1 ft- 1 ® y*®"--^-* <g, y®* <g, # (g, y®n-JV-i we get 
(3.3) 



(n-N \ 
E y 



N 



= nn 



i=0 



= {y> g (v*® n ® v®")* I : ^(y-) = o} 

= {<^eEndfe(F ") Vi : ^(F* <g> ft <S> V""^"*) a'^Kr^'} 

via the canonical isomorphism (E* ® E)* = Endfe(S) (for finite dimensional E). 

Here we have to make the small computation that if X C E and $ G (-E 1 * ® E)* 
then ®X) = if and only if the corresponding element <p in Endfc(-E) satisfies 

ip(X) CX. 

We claim that the vector space isomorphism (3.3) is compatible with the given 
algebra structures on both sides, up to exchanging factors. To verify this we may 
assume that ft = 0, i.e. A = TV. Then we have to show that the following 
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isomorphism 

T{v*®vy n s {{v*®v)® n y 

— ((V'*)®" (Ei y® n )* 
= <g> (V*)®" 
= End(y®")° 

is compatible with the algebra structure. We verify this using the explicit bases 
introduced above. The comultiplication on T(V* ® V) n is given by 

fel -"/Cn 

Hence the multiplication on T(V* ® V^)* is given by 

Z- ■ • • Z- ■ Z, ■ ■ ■ Z1 = 0? ■ ■ ■ 0? Z- ■ ■ ■ Z- 

H !« h l n h In l i *n 

By definition z\ = x* ® xi. Then z 3 * when considered as an element of V ® V* is 
given by Xj <8> x* . 

It follows that the multiplication on V® n ® is given by 

(3.4) 

(sfci • • • ar fen ®x * x • • • a; * n ) ■ (x h ■ ■ ■ x jn ®x* h ■■■x* Un )= 5% ■ ■ ■ 5^ x n ■ ■ ■ x jn ®x* x ■ ■ ■ x* n 

Since Xj 1 ■ ■ ■ Xj n <E> x* ■ ■ ■ x* n corresponds to the endomorphism of V® n which sends 
Xi ± ■ ■ ■ Xi n to Xj 1 ■ ■ ■ xj n and all other basis elements to zero, we see that (3.4) cor- 
responds precisely to the opposite multiplication on End(V® n ). □ 

As end (A) is a graded algebra (see above) the multiplication induces vector space 
homomorphisms 

end(A) m <8> end(A) n ->■ cnd(A) m+n 
which one checks to be coalgebra homomorphisms. 
Hence there are dual algebra morphisms 

(3.5) : end(A)^° + „ -»■ cnd(A)^ ® cnd^); 

These are described in the next proposition. 

Proposition 3.3. Under the isomophism end (A)°* = Z n (A) given in Proposition 
3.2 the algebra morphism (3.5) jits in the following commutative diagram 

Z m+n {A) > Z m (A) ® Z n {A) 

End(F® m+ ") — ^ End(F® m ) <8> End(y® n ) 
where the lower map is the obvious algebra isomorphisms 
Proof. We have to verify the commutativity of the following diagram 

((v* <g> v)® {m+n) y — >■ {(v* ® v)® m y ® ((v* ® v)® n y 

• f 

End(F®( m +™))° ^ End(F® m )° ® End(F®")° 

This is again an easy verification, e.g. using explicit bases. □ 
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By Lemma 3.1,3.2 we have 
CoMod(cnd(A)) =0CoMod(end(A) ra ) = Mod(end(A);°) = 0Mod(Z„(A)) 

n n n 

Furthermore the induced monoidal structure on the righthand side is as follows: let 
Wi e Mod(Z m (A)), W 2 e Mod{Z n (A)). Then W x ® W 2 e Mod(Z m+n (A)) is the 
pullback under /z m , n of W\ <8> W 2 , considered as Z m (A) ® Z n (A) module 
We deduce the well-know result (see e.g. [13]). 

Proposition 3.4. Let C n (A) be the lattice of sub spaces ofV® n generated by (R^)i. 
Then all the objects in C„(A) are Z n (A) -modules and hence end ( A)- comodules. 

Proof. The RV 1 ' are obviously Z n (A) representations. Hence so are all objects in 

Cn(A). □ 

4. Distributive algebras 

Let A = TV I (R) be as above. Below we assume that A is distributive. 
For I c {1, . . . , n - N + 1} we define 

= R ( j n) I R [ j ] 

We will say that / C {1, . . . , n — N + 1} is admissible if Cj 7^ 0. Strictly speaking 
these definitions only make sense if n > N. For n < N we will put {1, . . . , n — N + 
1} = 0, and hence we only consider I = 0, R $ = V® n , C = V® n . 

Proposition 4.1. (1) The indecomposable projective Z n { A) -representations are 
the R^ for I admissible. 

(2) The simple Z n (A) -representations are the C}™^ for I admissible. 

(3) R^ is the projective cover of C}™^ . 

(4) For admissible /, J we have 

Bom^Rj t R z )-| Q Qthermse 

When J D I, the generator of Hom Zn ^ (R R ) is given by the inclu- 
sion 4 n) c R { ?\ 

Proof. Since the (R^)i generate the distributive lattice C n (A) there exists a basis 
(w a ) a for V® n such that each vector space in C n (A) is spanned by a subset of 
the w a [15, Prop. 7.1]). 

Let e a be the primitive idempotent in End(V® n ) corresponding to the basis 

(n) 

vector w a . I.e. e a is the projection on kw a . Then e a preserves all R { and hence 
e a G Z n (A). Then the (e Q ) Q form still a maximal set of orthogonal idempotcnts 
in Z n (A). 

For I C {1, . . . , n — N + 1} let be the subspace of R\ n ^ spanned by the w a 
which are not in some Rj, J D I. Clearly cj™' = and hence (5}™^ is non-zero 
if and only if I is admissible. 

We have 

JDI 
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It follows that 

End(V® n ) = 0Hom(cf \cf } ) 
i, J 

and 

(4.1) Z n (A) = Hom(C*{ n) , cf ] ) 

JDI 

Thus 

Z n (A)/™d(Z n (A)) = Rom(C^,C^) 

I adm. 

For every admissible 7 pick an aj such that w a/ € Cj"^ . Then the indecomposable 
projectives in Z„(A)-modules are given by 

Qi = Z n (A)e ai 

We find 

Qj = Z n (A)e ai =(§)Kom{kw ai ,cf ) ) = Hom(fa ai , = 

JDI 

which proves (1). We also find using the decomposition (4.1) 

Hom Zn (A){Qj,Qi) = e aj Z n (A)e ai 

jk HJdI 
1 otherwise 

which proves (4). 

The simple top of Qi for 7 admissible may be computed as the cokernel of 

Qj <g> Hom Zn(j4 )(Qj, Q/) -> Qi 
Qj¥Qi 

which is the same as the cokernel of 

J#° 

which is precisely c{"\ proving (2) and (3). □ 

Corollary 4.2. The category Mod(Z n (Aj) is equivalent to the category Rep(QA, n -N+i) 
where Qa.u-n+i is the quiver with relations which has a vertex xj for every ad- 
missible 7 C {1, . . . , n — N + 1} and arrows xjj : xj — > xj for every I C J. The 
relations are given by xjkXij — Xik- If n — N + 1 < then Qa,u-n+i is a single 
vertex x^ and no arrows. 

Proof. This is an easy consequence of the description of the indecomposable pro- 
jectives Z„(A)-representations in Proposition 4.1. The functor realizing the stated 
equivalence is Hom Zn (^) (@ 7 adm Ri,—). If Pj is the projective Qa,u-n+i rep- 
resentation corresponding to the vertex 7 then the inverse equivalence sends Pi 
to 77/. □ 

For use below we denote the inverse equivalence alluded to in the above proof 

If we apply Theorem 2.1.1 with C = CoMod(cnd(A)„) then we obtain an exact 
functor 

Ta ■ Cube„_Ar+i -> CoMod(gnd(A)„) 
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which sends Pj™ N+1 ^ to pSp Ar+1 ' and which extends to an exact monoidal functor 

F A : Cube. -»• CoMod(cnd(A)) 

The functor F A is an enhancement of the functor F A we used before as it fits in 
the following commutative diagram 

CoMod(end(A)„) 

Ta^^^ ^\forget 

Cube„_Ar +1 s~ Vect 

r A 

Proposition 4.3. The junctor F A defines an equivalence 
F A : Cube. jS A = CoMod(cnd(A)) 

where Sa is the localizing subcategory of Cube, generated by the simples s\ 1 ^ with 
I not admissible. 

Proof. For conciseness we drop some superscripts in the notations below, when they 
are clear from the context. We consider the following diagram 



(4.2) Rep{Q A ,n-N+i) 





Cube„_AT +1 ^ Mod(Z„(A)) 

J- A 

Here Res is the restriction functor Cube„ = Rep(Q„) — > Rjep(Q A .n) and Ind is the 
left adjoint to Res. 

We first claim F° A = Fa ° Ind. To see this note that all functors are right exact 
and commute with direct sums, so it is sufficient to show that they take the same 
value on projectives. If / is admissible then we find (Fa o Ind) (Pj) = F A (Pi) = Ri 
and we find the same value for F A (Pi). 

Now we claim Fa = F° A o Res. Let M e Cube n _jv+i- It follows that 

(F° A o Res)(M) = P A (Ind o Res(M)) 

The canonical map 

Ind o Res(M) -> M 
is surjective and has its kernel in S A . Hence since Fa is exact 

P A (IndoRes(M)) = F A {M) 

which implies our claim. Thus diagram (4.2) is commutative in the two possible 
senses. 

Put S A . n = S A C\ Cube„. Then S A , n lies in the kernel of Res and hence in the 
kernel of F A . Furthermore Res induces an equivalence Cube„ /S A , n = Rjep(Q A ,n)- 
Hence we obtain a commutative diagram 

(4.3) Rcp(Qa ,n-N+l) 

*^>^ ^ ^ A 

— ~ \ 

Cube„_Ar + i /S A . n - N+1 z > Mod(Z n (A)) 

Fa 



Since F A is an equivalence, the same holds for F A . 



□ 
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Corollary 4.4. Assume that A satisfies the extra condition (besides being distribu- 
tive). Then the monoidal category CoMod( end (A)) is entirely determined by the 
numbers (dimj„)„. If N = 2 then CoMod(end(A)) is entirely determined by the 
Hilbert series of A. 

Proof. If follows from Proposition 4.3 that to describe the category CoMod(end(A)) 
it suffices to know which Sj 1 ^ are mapped to zero under Ta or cquivalently under Fa- 
To this end it is sufficient to compute the dimension of FaSjK First we observe 
that Sj^ has a finite projective resolution 

p f^ if-^-x) 

JDI JDI 
\J-I\=2 \J-I\=1 

Hence to know dim Fa Sj 1 ^ it is sufficient to know dim FaP^ 1 ■ 

Since A satisfies the extra condition we have dim FaPj^ = dim FaP^ where I 
is obtained from I by filling up all holes of size < N — 2. Thus we may assume 
that 7 has no holes of size < N — 2. 

If on the other hand 7 contains a hole of size > N — 1 or else does not contain 1 
or I then we may write pf^ as a tensor product pf^ ®pf^ for suitable l\, h, h, h- 

Hence we may reduce to the case where 7 = {1, . ..,/}. In that case FaP^ = Ji- 
This finishes the proof for general N . 

If N = 2 then it follows from the Koszul complex that the sets of numbers 

(dim J n ) n and (d im^4 n ) n determine each other. EH 

5. The symmetric algebra 

In this section we assume that the ground field k is algebraically closed of char- 
acteristic zero. Below A will be the symmetric algebra SV = TV/ (A 2 ^) of a vector 
space V of dimension n. As SV is a quadratic algebra we will have N — 2 in this 
section. 

To simplify things conceptually we will equip V with an explicit basis (xi)i 
as in §3 and we put z{ = x* <g> Xl . Let O = k[(z{)i,j] = S(End{V)*) be the 
coordinate ring of n x n-matrices. Then O is a bialgebra which coacts on SV with 
the same formulas as (3.1)(3.2). Furthermore sending z\ i-> z\ defines a bialgebra 
homomorphism B : end ( A) — > O compatible with the coactions on SV. Hence we 
obtain a corresponding monoidal exact functor 

5* : CoMod(endU)) -> CoMod(O) 

which on the underlying vector spaces is the identity. 

The bialgebra O is semi-simple and its irreducible representations are indexed 
by partitions of at most n rows. For more details we refer to the excellent text 
book [11]. If A is a partition of m with conjugate partition A' then the associated 
irreducible O (co)representation is 

S X V = \m (\§§A X W ^V® n 4 0S A 'vj 

The precise form of the (anti-)symmetrization maps a and [3 is derived from a 
labeling by the numbers 1 , . . . , m of the Young diagram associated to A (which 
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does not have to yield a standard tableau). The representation S V is independent 
of this labeling. 

For example if A = [221] then a corresponding labeled Young diagram is 



1 


2 


3 


4 


5 





The corresponding irreducible O- representation S V is given by 

im(A 3 V ® A 2 V A V® 5 A S 2 V ® S 2 V <E> V) 

The image of a consists of the tensors which are anti-symmetric in the places (1, 3, 5) 
and (2, 4). Likewise the map (3 symmetrizes a tensor in the places (1, 2), (3, 4) (and 
5 but this has no effect of course). 

The construction of S X V works also when A is replaced by a skew diagram A//i, 
i.e. a difference of two partitions A, \i. In that case we have 

S X ^V = im |0A^-"^ A V® n A (g)S A *-wvj 

For example if X/fi is the skew (labeled) diagram 





1 


2 


3 


4 





then 

S x,tl V = im(A 2 y ® A 2 V -> V® A -»• V ® S"V ® V) 

In contrast to S' A V r the representation S X ^V is in general not irreducible but its 
decomposition can be described in terms of the well-known Littlewood-Richardson 
coefficients. 

S x /^y = y~^(5" y ) ejVA ' jt ' 

The Littlewood-Richardson coefficients can be computed by means of a combina- 
torial recipe which consists in counting certain admissible labelings of the boxes 
of X/ ii. 

The following is the main observation of this section. 
Proposition 5.1. Assume 

I = {l,...,a,a+l,...,a + b,a + b+l,...,a + b + c,...} C {1, . . . ,m} 
Then 5*(J" A (Sj m) )) = S X ^V where \/fi is the rim hook with m + 1 boxes: 

1 

_2 

3 



(5.1) 
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such that the column labeled by "1 " has a + 1 boxes, the row labeled by "2 " has 
b + 1-boxes, the row labeled by "3" has c + \-boxes, etc. . . . 
This result remains valid if I has instead the form 

I = {%..., 6,6+1,..., b + c,...} 

In that case we simply think of a as being zero. This means that the column labeled 1 
contains only one box and thus is contained in the row labeled 2. 

Proof. It is easy to see that 

B*{T A {S { H = B*(A l V) = A l V 

B*(T A (S^)) = B*(S l V) = S l V 

An arbitrary has a presentation 

e<\ } ^ (m) ^ m) ^o 

Applying Fa and using distributivity we get 



J ^4" +1) ngi? 4 (m+1) j 




Alternatively 

T A S { r ] = im ^i?[ m+1) V® m+1 -> V® m+1 1 ]T 4 
We have 

4 m+1) = A a+1 V ® A c+1 ® ■ ■ ■ 

y®m+l / = S b+1 V ® S d+1 V ® • • • 

/ w 

Thus J r j4 S'| m) is 5 A /^F where X/n is the dia gram (5.1) numbered with the numbers 

1. . . . , m + 1 starting from the top right and ending at the bottom left (thus this is 
not a standard tableau). □ 

6. Some examples of distributive algebras 
In this section we describe some algebras which we could show to be distributive. 

6.1. Algebras derived from Koszul algebras. We have the following easy gen- 
eral result. 

Proposition 6.1.1. Let A = TV/(R) be a quadratic Koszul algebra and let R' G 
£n(A). Then A' = TV/(R') is a distributive algebra. If specifically we take 

N-l 

(6.1) R' = p| V®*- 1 <g) i? <g> v^-*- 1 

i=i 

then A' also satisfies the extra condition and hence is N -Koszul. 
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Proof. The distributivity of A' follows immediately from the distributivity of A. 
To check the extra condition we have to verify for 1 < I < p with p < N — 1 



rN- 



(N-l \ /JV-1 

N-l 

i=i 

The lefthand side of this equation is equal to 

■p+N-2 

We claim that each of the terms on the righthand side of (6.2) appears in this 
intersection. To prove this we have to find for any i = 1,...,N— 1 a j e { 1 , . . . , p + 
N — 2} such that j — 1 = I + i — 2. Thus we have to take j = I + i — 1. One verifies 
that indeed 1 <l + i -1 <p + N -2. □ 

Example 6.1.2. Take R = A 2 V and R' as (6.1). Then R' = A N V and hence 
A' = TV / (A N V) is the A^-generalization of the symmetric algebra introduced in [6] . 
By Proposition 6.1.1 we see that A' is distributive and satisfies the extra condition 
(and hence is iV-Koszul by (2.4)). These facts were proved by Berger in [6] using 
"confluence" . See below. 

6.2. Confluence. For N > 2 the only tool to establish distributivity of TV/(R) 
with R C V® N seems to be "confluence" [6, 8]. For the benefit of the reader we 
give a quick introduction to this concept. 

Let W be a finite dimensional vector space equipped with a fixed totally ordered 
basis X. If S c W is a subvector space then an element x of X is called non-reduced 
with respect to S if S contains an element of the form x — ^2 y<x c v y. We denote 
the set of such non- reduced monomials by NRed(5). The following is easy to see. 

Lemma 6.2.1. (1) dimS = | NRed(S')|. 
(2) IfScR then NRed(S) C NRed(i?). 

Thus NRed(— ) is an order preserving map from the lattice of subvector spaces 
of W to the lattice of subsets of X. 

From the fact that NRed(— ) is order preserving we immediately deduce 

(6.3) NRed(i? nS)c NRed(i?) n NRed(S) 

(6.4) NRcd(i? + S) D NRcd(i?) U NRed(S) 
The following result was proved by Berger [5] . 

Lemma 6.2.2. // one of these inclusions is an equality then so is the other. 

Definition 6.2.3. We say that R, S C W are confluent if one (and hence both) of 
the inclusions (6.3) (6.4) is an equality. 

The following is one of the main fact about confluence [5] . 

Theorem 6.2.4. IfTZ — {{Ri)i} is a collection of pairwise confluent subspaces of 
W then NRcd(— ) defines a isomorphism between the lattice £ of subspaces generated 
by Ri and the lattice of subsets of X generated by NRcd(i?i). In particular C is 
distributive. 
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A typical application of this concept is the following. Let A = TV/ (R) with 
R c V® N . Let X be a totally ordered basis for V. We equip V® n with the basis 
X xn , ordered lexicographically. Then we say that A is confluent (with respect to 

X) if for all n and all i the subspaces R^ of V® n are pairwise confluent. Using 
Theorem 6.2.4 we get 

confluent => distributive 
The following was observed by Berger [5]. 

Proposition 6.2.5. In order for A to be confluent with respect to X it is necessary 
and sufficient that R <g> V® 1 and V® 1 ® R are confluent inside V®^ +N) for i = 
1,...,N-1. 

6.3. The (deformed) Yang-Mills algebras. In this section we assume that k 
has characteristic zero. The Yang-Mills algebras and their deformations were in- 
troduced by Connes and Dubois- Violettc in [9, 10]. After a short reminder of how 
they are constructed we will show that they are distributive. 

The i'th cyclic derivative on F = k(xi, . . . , x n ) is a fc-linear map 

which on monomials is defined by 

°dm x 

m—uXiV 

Assume that V is an n-dimensional vector space equipped with a basis (xi)i. To 
avoid trivialities we assume n > 2. If w G TV /[TV, TV] is homogeneous then 
the Jacobian algebra associated to w is the algebra A = TV/(R) where R is the 
vectorspace spanned by the cyclic derivatives of w. It is easy to sec that R and 
hence A does not depend on the choice of the basis (xi)i- 
One has 



w 



drf x—v °dw ^-^°dw 



The map w \-> w gives an isomorphism between (F/[F,F]) n and the cyclically 
invariant elements of F n = V® n . 

Assume now that V is equipped with a non-degenerate symmetric bilinear form 
(— , — ) and put gij = (xi,Xj). The inverse of the matrix (gij)ij is denoted by {g % ^)%j- 
Let 0(V) be the corresponding orthogonal group. Then one has the following result 

Lemma 6.3.1. The space (TV/ [TV, TV})®^ is two-dimensional and is spanned 
by the elements 

wi = ^2 9 v 9 Jq [xi,Xj][x p ,x q ] 
i,j,p,q 

Proof. To prove this we may assume that k — k and that (xi)i is an orthogonal 
basis for V. In other words g^ = We first consider (V® 4 )°( V K The first 
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fundamental theorem of invariant theory for the orthogonal groups implies that 
(ym^o(V) is spanned by 

S ^ — ^ X 2 X t Xj Xj 
i,j 

52 — ^ ^ X^X j X<iX j 

i-j 

53 ^ ^ XiXjXjXi 

i,j 

Since n > 2 it is clear that si,S2,S3 are linearly independent. Hence they form a 
basis for (y® 4 )°( y ). 

Since 0(V) is reductive the quotient map (V^) ^ -)■ (TV /[TV, TV])° {V) is 
surjective and hence (TV/[TV, TV])^ V ^ is spanned by si,s 2 ,s 3 . It is clear that si 
and S3 are equal modulo commutators but si and s 2 remain independent. We now 
use the fact that w 2 — si and wi — 2(s 2 — S3). □ 

By definition the deformed Yang-Mills algebra A\ (A G k) is the Jacobian algebra 
for the potential W\ + Xw 2 ■ The equations of A\ have the form 

^9 3P {[xj, [xi,x p ]\ + \{xi,XjX p }) 
j,p 

where {a, b} = ab + ba. The ordinary Yang-Mills algebra is A . 

Theorem 6.3.2. The deformed Yang-Mills algebra A\ is distributive and satisfies 
the extra condition. 

Proof. We may clearly assume that the ground field is algebraically closed. Then 
we may assume that g^ has the following form 



9 lJ 



1 if i + j = n 
otherwise 



Put 1 = n — i. The equations of A\ now have the form 

y ] [ x ji [ x i> x j\] + \{Xi,XjXj} 

j 

Thus we get 

NRed(i?) = {x n XiXi I 1 < i < n} 

We claim that A\ is confluent. By Proposition 6.2.5 we must check the equalities 

NRcd(4 rl) n R { ;%) = NRcd(4 n) ) n NRcd(i?i" ) 2 ) 

for n = 4,5. We already know that the sought equalities are inclusions of the type 
"C" . Hence it is sufficent to prove 

(6.5) dim n R%> 2 > I NRed( J R^" ) ) n NRcd(i?i"J 2 )| 

Since NRed(i?f ] ) n NRed(i?^ 5) ) = there is nothing to prove for n — 5. 

On the other hand NRcd( J R[ 4) )nNRed( J R^ 4) ) = {x n x n x lXl } and w x G R^tlR^. 
Thus dimi^ 4) n R ( 2 ] > 1 and so (6.5) holds forn = 4 as well. 
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To check the extra condition, using Theorem 6.2.4 me must verify 
NRed(i4 5) ) n NRed(i4 5) ) C NRed(i^ 5) ) 
As the lefthand side is empty there is nothing to prove. □ 

Using (2.4) we recover the following result proved in [9, 10]. 

Corollary 6.3.3. The deformed Yang-Mills algebra A\ is 3-Koszul. 

6.4. Three dimensional cubic Artin-Schelter regular algebras. Recall [1] 

that an AS-regular algebra is a graded fc-algebra A = k+Ai+A 2 -\ satisfying 

the following conditions 

(1) dimAi is bounded by a polynomial. 

(2) The projective dimension of k is finite. 

(3) There is exactly one i for which Ext^(fc, A) is non- vanishing and for this i 
we have dimExt^(fc, A) = 1. 

Three dimensional regular algebras generated in degree one were classified in [1, 2, 3] 
and in general in [16, 17]. It was discovered that they are intimately connected to 
plane elliptic curves. 

There are two possibilities for a three dimensional regular algebra A generated 
in degree one. 

(1) A is defined by three generators satisfying three quadratic relations (the 
"quadratic case"). 

(2) A is defined by two generators satisfying two cubic relations ("the cubic 
case"). 

In [1] it is shown that all 3-dimcnsional regular algebras are obtained by special- 
ization from a number "generic" regular algebras. These generic regular algebras 
depend on at most two parameters. 

Quadratic three dimensional AS-regular algebras are Koszul and hence distribu- 
tive. Cubic three dimensional AS-regular algebras are 3-Koszul so one would expect 
it should be easy to verify distributivity for them. Nonetheless we have not found 
a clean way to establish this. 

Below we discuss so-called Type A algebras by using a generalization of the 
notion of /-type introduced in [18]. It is likely that the other types can be handled 
in a similar way but we have not carried out the required verifications. 

Type A algebras are associated to a triple (E, a, C) where E is a smooth elliptic 
curve, a is a translation and £ is a line bundle of degree two on E. Put V = 
H°(E,C) and 

R = kcr(H°(E 7 £) m ^£^£^ H ^ E , C ® L° ® )) 

(where (— ) a = a*). Then the cubic three-dimensional AS-regular algebra associ- 
ated to (E, a, C) is given by TV/(R). 
We prove 

Proposition 6.4.1. Let A be a cubic Type A regular algebra. Then A is distribu- 
tive. 

It follows easily from [1, Thm 6.11] that a cubic Type A regular algebra is not 
confluent in the sense §6.2 for any choice of basis X. Our arguments still use 
confluence but in a more sophisticated way. 
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We need some preparatory work. There is a well-defined map 

<j>: A n ^ H°(E,£<g) ■ ■ ■ ® £ ffn_1 ) : a <g> ■ ■ • ® a n i-> aoa^ • ■ ■ 

If / e A n then we write (/) for the divisor of the image of <j)(f) in H°(E, C ® • ■ • ® 
If / 6 A m , g e A n then 

= Wfg)) = W)4>{9Y m ) = tf) + v- m (g) 

Let x, y be a basis of V = H°(E,C). Put (x) = P + P', (y) = Q + Q'. We write x n , 
y n for arbitrary non-zero elements in V with divisors a n P + a~ n P', a n Q + a~ n Q' . 
We will say that P, P', Q, Q' are generic if they have pairwise disjoint orbits. 

Lemma 6.4.2. Assume that P,P',Q,Q' are generic and a A ^ id. Then there are 
non-zero scalars a, [3, 7, <5 such that R has a basis given by 

y a xiX-2 ~ ax a x- 3 y 2 - /3x 2/ix_ 2 

6.6 

Voy-zx 2 - ~fx yiy-2 - oy a x x y^ 2 

Proof. We need to prove that the elements (6.6) are linearly independent and con- 
tained in R. We first show that they are linearly independent. Assume this is not 
the case. I.e. there are scalars A, fM, not both zero such that 

A(y Zi£-2 - ax x- 3 y 2 - /3x yix_ 2 ) + [i(yay- 3 x 2 - -fx yiy- 2 - 5yaX\y- 2 ) = 

in y®3_ Collecting the terms starting with xq 

-Xaxsy2 - \(lyiX- 2 - njyiy- 2 = 

By our genericity assumption x_3 and y\ are linearly independent. Thus we get 

— Xay 2 = 
-A/3x 2 - M72/-2 = 

From the first equation we deduce A = and from the second \i = 0. 

Now we show that the elements (6.6) are indeed contained in R (for suitable 
choices of scalars). To this end we have to show that the element 

y xlx^ 2 

of H°(E, C® C a ® jO-^ 2 ) ) is a linear combination with non-zero coefficients of 

xaxl 3 yf, XQylx a \ 

and similarly the element 

yoy-3 x £ 

is a linear combination with non-zero coefficients of 

xoyiV- 2 2 , yoXiy-2 
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We compute the divisors of all these elements 



a a 2 

y x 1 x_ 2 : 


Q- 


u Q' - 


\- P -\- o 


-2 pl + 


17 


-4p 


±P' 


a a 2 

x x_ 3 y 2 : 


P- 


-P'- 


Vo-^P- 


Vo 2 P' 


+ 


+ 




XoViX-2 : 


p- 


-P'- 


VQ + a~ 


2 Q' + 


a 


-Ap 


+ P' 


a a 2 
yoV-3 x 2 ■ 


Q- 


vQ'- 


V(J~ A Q- 




+ 


P + 


a- 4 P' 


a a 2 
XoVlV-2 : 


p- 


-p'- 


VQ + a~ 


2 Q' + 


a 


- 4 Q 


+ Q' 


yoXiy1 2 2 ■ 


Q- 


hQ'- 


VP + (J- 


-2p, + 


a 


- 4 Q 


+ Q' 



All these divisors are different so these elements arc pairwise linearly independent. 
We also find 

yox^x^, x x a _ 3 yf, x yU- 2 G H°(E, C ® C a ® (-P - P' - Q - a~ A P)) 

By Riemann Roch the righthand side is a two dimensional vector space. Hence 
yox e [x a _2i Xox°_ 3 y 2 , xoyiX°_ 2 arc linearly dependent. Since they are not scalar 
multiples of each other the first one is indeed a linear combination of the other two 
and the coefficients are non-zero. 
Similarly we find 

y y- 3 xf, xoyfyll, y x^ 2 e H°(E,£® L a ® C a " \-P - Q - Q' - a^Q)) 

2 

With the same reasoning as above we deduce that i s a linear combination 

2 2 

of xoyf y'Li, yox1y1 2 w ^h non-zero coefficients. □ 

Proof of Proposition 6.4-1- We will give the proof in the case that cr 4 7^ id. If 
( r 4 = id then A is a so-called "linear" algebra which can be easily analyzed directly 
(see [2, Prop. 7.4]). 

We may clearly assume that our base field is so large that we can select generic 
P, P', Q, Q' as in the discussion above. 

Let us grade the monomials in x, y by putting degx = (1,0), degy = (0, 1). For 
monomials ji in x, y and (a, b) € Z 2 we define w a .fc(/i) € TV by constructing a path 
in the grid below starting at (a, b) and ending at (a, b) + where the variables x, 
y indicate which branch we should take at each vertex. 



(6.7) 



(2,0) 



(1,0) 



(2,1) 



(0,0) 



(0,1) 



(1,1) 



(2,2) 



(1,2) 



(0,2) 
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One square looks like 



(a + l,b) 




(a, 6+1) 



Thus for example 

vo.o(xyyx) = x yiy-2X-i 

It is clear that v a ,b(^) tl is a basis for TV for any a, b. We extend v a ,b linearly to 
an isomorphism of graded vector spaces TV — > TV. If (a, b) = (0, 0) then we write 
v(p) = v aib (fj,). 

We claim that V® a ®R® V® b has a basis of the form 

(6.8) v(fiyxx/j,') — afj,v(fj,xxyf/) — fi^v^xyxfi') 

(6.9) v{nyyxp!) - j^v^ixyyn') - S^nyxyfj,') 

where fi, pi! run through the monomials of length a, b and a M , (5^, 7^, 8^ are scalars 
depending on jj,. 

By Lemma 6.4.2 we find that R has a basis of the type 

r m.n ynXm+lXm — 2 Q-m.nXmXm — 32M+2 -An .nXrayn+lXm—2 
s 'm,n = y n y n -3X m+2 - 7m,nZm2/n+l2M-2 - S m ^ n y n X m+1 y n - 2 

for each m, n. Put 

^m,n — Ct mn XXy f^m,nXyX 

s m ,» = - j m ,nxyy - 8m, n yxy 
If (to, n) = (— 3p + q, —3q + p) then 

Vp,q{r mtn ) — r mn 

Assume now that ii, fi' are monomials of degree (p,q), (p',q r ) respectively with 
p + q = a, p' + q' = b. Put (to, n) = (—3p + q, —3q + p). Then 

H 1 ) = v(fj,)v p , q (r 

rn , n 

Thus v(pr m , n p'), v(ps m , n ij,') 6 F® a <8> i? ® l^® 6 . It is clear that the elements 
fJ-fm,nfJ-' , M s m,nA t ' f° r varying //, /x' are all linearly independent and their number is 
equal to the dimension of F® a <g> i? <8> So they yield a basis for V m <g> i?® F® b 
after applying u(— ). This finishes the proof of our claim. 

We now claim that the (Ra^) a are pairwise confluent inside V® n when the latter 
is equipped with the ordered basis v{p)^ where ji runs through the lexicographically 
ordered set of monomials of length n. The proposition then follows from Theorem 
6.2.4. 
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We compute for 1 < a < i < 11 - 3 

■yn— 4 

| NRed(i?i n) ) n NRed(i?[ n) )| 



if b = a + 1 
if b = a + 2 
2™~ 4 if b > a + 3 



If b > a + 3 then 



dimi?i")ni?[ n) =2"- 4 
Hence the only statement that needs to be shown is 

dimi?i")n J Ri" + ) 1 = 2- 4 

This follows from the fact that for a cubic three-dimensional AS-regular algebra we 
have dim(i? ® V H V <S> R) = 1 [1, Prop. (2.4)]. 
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